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Abstract
A plane solution of an entanglement equation, as an extension of a well known rectilinear cO-
rotating vortex pair, is obtained. The entanglement equation is derived from the Biot-Savart
equation daecribing the dynamics of a c0–rotating vortex pair based on the concept of the loe
calized induction approximation (LIA, for short). Configurations of a coplanar vortex pair are
revealed by the analytical solution and are drawn by estimating numerically an integral in-
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Biot-Savart $\mathrm{g}=$ $(x, y, \sim\sim.)$
$u$ (x) ,
$u(x)=- \frac{\kappa}{4\pi}\int\frac{s\mathrm{x}\mathrm{d}l}{s^{3}}-\frac{\hat{\kappa}}{4\pi}\int\frac{\hat{\epsilon}\mathrm{x}\mathrm{d}l}{s^{3}}$ , (1)
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, 1, 2 ,
$\dagger i,$
$\mathrm{d}l$ , and $s$ l , ,
$x$
2 , $.\overline{x}=-\cdot x$ .
$\grave{y}=-y$ , $=z$ (1) $\mathrm{A}\backslash ,$ $2$
(LIA)
$\frac{\partial x}{\partial t}=\frac{\kappa A}{4\pi\rho}.\mathrm{b}+\frac{\kappa}{2\pi s_{0}}..$( $\dot{\mathrm{b}}$ c.os $\phi-\hat{\mathrm{n}}\sin\phi$ ) $(1+. \frac{1}{2}\frac{s_{0}}{\hat{\rho}}\cos\phi)$ , (2)
$A= \log\frac{Ls_{0}}{L^{*}\sigma}$ ,
, where $\mathrm{n},$ $\mathrm{b},$ $\rho,$ $\sigma,$ $s_{0}$ . $\phi$ , , ae
, , , ( $x-$ $\dot{\mathrm{n}}$ (Fig. 1
) $\text{ }L,$ $L^{*}$ , $\mathcal{A}$ $\sigma$ so
$\kappa=\tilde{\kappa}$ , $ae=$ $(r, \theta, \sim\nu)$ , 2
$\frac{\partial x}{\partial t}=A\{(r\theta_{s}z_{ss} - 2r_{s}\theta_{s\sim s}\sim.-r\theta_{ss}z_{s})\mathrm{e}_{r}+(r_{ss}z_{s} - r\theta^{\frac{\Phi}{s}}z_{s}-r_{s^{\underline{7}}ss})\mathrm{e}_{\theta}$
$+(2rs2\theta,$ $+rf,\theta,’-rr_{s},\theta_{s}+r’ \mathrm{e}3s)$ez}
$- \{\frac{1-r(r_{ss}-r\theta_{*}^{2})}{r(1-r_{s}^{2})}$ }(-r$\theta_{s}$e$z-zs$ e$\theta$ ), (3)
, $x$ , $u$ , $A$ , $b$.
, $e_{r},$ $e$ \mbox{\boldmath $\theta$}, $e_{z}$ $r,$ $\theta$ $z$
$r$ 2 $R$ $t1\mathrm{h}$
$4\pi R^{\mathrm{o}}\sim/\kappa$
2.2 Kida’s method and two vortex filaments
, (3) Kida3
Kida Kida Ref. 3 ,
1 3
$\frac{\partial x}{\partial t}=-C\frac{\partial x}{\partial\xi}+\Omega$ez $\mathrm{x}x+Ve_{*}\sim$ , (4)
$\xi=$ s-Ct, (5)




$e_{\mathrm{r}}=\cos[\theta(\xi)+\Omega t]e_{x}+$ sin $[\theta(\xi)+\Omega t]e_{y}$ . (7)








$=A$ ( $\frac{\mathrm{n}}{\rho}$) $-[ \frac{1-r(1\epsilon\epsilon-r\theta_{\tilde{\xi}}^{9})}{r(1’-7^{\frac{\eta}{\xi}})}.][(-\approx_{\tilde{\xi}}’+r^{2}\theta_{\tilde{\xi}}^{\mathrm{o}})e_{r}+\mathrm{t}-’\cdot,*\theta\epsilon\epsilon)e_{\theta}+r\xi\approx\xi e\approx]$. (9)
/\partial s $=\partial/\partial\xi$ ( (5) ) , (3) $s$ $\xi$
, (J) 3
$e_{\mathrm{r}}$ : $( \Omega,.\sim\xi-\mathrm{t}r\theta_{\xi}.)=.4(\cdot\epsilon-*\epsilon^{\theta_{\xi}^{2}})-[\frac{1-(\cdot\xi\zeta-r\theta_{\tilde{\xi}})}{r(1-r_{\xi}^{2})}](-\sim\epsilon+r^{\sim}’\theta_{\xi}^{2})’$ , (10)
$e_{\theta}$ : $r$ r$\xi=A(2r_{\xi}\theta_{\xi}+r\theta_{\xi\xi})-[\frac{1-r(r_{\xi\xi}-r\theta_{\tilde{\xi}})}{(1-r^{\frac{\eta}{\xi}})}"](-r\epsilon^{\theta_{\zeta}})$ , $(11)$
$e_{\overline{\sim}}:-0,.r\epsilon=A_{\sim\zeta\xi}^{\sim}.-$ $.\xi\sim.\xi\sim$ . (12)
(10)-(12)
$|$x, $|^{\underline{\mathrm{o}}}=|$ t $|\underline’=r^{\mathrm{o}}+r^{\underline{\tau}}\theta’+\sim\sim’=1\dot{\epsilon}\overline{\epsilon}\tilde{\epsilon}$, (13)
, (10)-(1.2) 2
$Aarrow-4’=\log(L/\sigma)$ Kida
3 Coplanar solutions of two vortex fflaments
3.1 Governing equation and a solution in a long wave limit
$\theta_{\xi}=0$
(10)-(12)
$e_{\mathrm{r}}$ : $\Omega r\approx_{\xi}=Ar_{\xi\xi}-[.\frac{1-r\cdot r_{\xi\xi}}{1(1-r_{\xi}^{2})}](-\approx_{\tilde{\zeta}}^{\mathrm{Q}})$,
$e_{\theta}$ : $Vr_{\xi}=0$ , (14)
$e_{\vee}$. $:-0rr_{\xi}=Az_{\xi\xi}-[ \frac{1-r(r_{\xi\xi})}{r(1-r_{\xi}^{2})}]r_{\xi}\approx_{\xi}$ . (15)
, $|x_{\xi}|=1$
$\tilde{\sim}\epsilon=\sqrt{1-r\frac{\mathrm{B}}{\epsilon-}}$ , (16)
$z_{\xi}z_{\xi\xi}=-r\epsilon$ r$\xi\xi$ . $(17)$
(15)








$r$ (\mbox{\boldmath $\xi$}) $\xi(r)$





. $\frac{dp}{dr}-\alpha rp=-\beta(\Omega r-\frac{1}{r})$p3, (23)
$p=d\xi/dr,$ $\alpha=\Omega/2(A-1)$ $\beta=1/(A-1)$ (23)
Bernoulli ,
$( \frac{dr}{d\xi})^{2}=e^{-\alpha}$




$\ovalbox{\tt\small REJECT}\sqrt{2-\beta \mathrm{E}\mathrm{i}[\alpha r^{2}]e^{-\alpha r^{2}}}$: (26)
$\int\frac{1}{\sqrt{2-\beta \mathrm{E}\mathrm{i}[\alpha r^{2}]e^{-\alpha r^{\mathrm{J}}}}}dr=\xi$. $(27)$
(16) (26)
$\frac{d}{d\zeta}\tilde{.}=\sqrt{[\beta \mathrm{F}_{d}\mathrm{i}[\alpha r^{2}]\epsilon^{-\alpha r^{2}}-1]}$. (28)
$\frac{dz}{d\zeta}=\frac{dz}{dr}\frac{dr}{d\zeta}=\sqrt{\prime 2-\beta \mathrm{E}\mathrm{i}[\alpha r^{2}]e^{-\alpha r^{2}}}\frac{dz}{dr}$ , (29)
, (28)
$\frac{dz}{dr}=\sqrt\overline{.\cdot\frac{\beta \mathrm{E}\mathrm{i}[ar]e^{-\alpha r^{2}}-1-----}{2-\beta \mathrm{h}^{\backslash }\mathrm{i}[\alpha r^{2}]e^{-\alpha r^{2}}}\underline’}$. (30)
$r$
$z= \int_{r_{\mathrm{n};\mathrm{r}}(\mathrm{A})}^{r}\sqrt{\frac{\beta \mathrm{E}\mathrm{i}[\alpha r^{\rho}]e^{-\alpha r^{l3}}-1}{2-\beta \mathrm{E}\mathrm{i}[\alpha f^{2}]e^{-\alpha r^{l2}}}}dr’$ . (31)
$r_{\min}$
3.2 Approximate solution for $A\simeq 1$
$A$ 1 (18)









$2s=$ $7\cdot\{2F_{1}$ $[ \frac{1}{2},$ $-$ i, $\frac{3}{2},$ $-(r^{4}- \frac{1}{\Omega^{2}})$ ]}, $(36)$
, , $F_{1}$ (16) (32)







, (33) (34) , (39)




$\frac{3}{4},$ $\frac{3}{2}’-(r^{4}-\frac{1}{\Omega^{2}})]\}$ . (41)
4 Discussion
4.1 Configuration of aplane vortex pair in along wave approximation
(31) ,
$\Omega=1$ (31) Fig. 2 Fig. 2 , $A$
$=1.4$ ,
( )




(31) $\mathrm{E}\mathrm{i}[\alpha r\prime 2]e^{-\alpha r^{\prime 2}}$ $r$ $A$ ,
(31) $r$ , $r_{\max}$ $r_{\min}$
Fig. 3 $r_{\max},$ $r_{\mathfrak{n}\iota \mathrm{i}\mathrm{n}}$ $A$ , rm $A_{c}=1.371$
Fig. 4 , $A=$ 1.371, 1.4 1.5 $A>1.371$
, Fig. 2 , $A\text{ }=1.371$ $d\underline,/d\uparrow$.
r=rm 2 , A\leq A ,
(31) $dz/dr=\propto$’ (Fig. $5(\mathrm{b})$ ) $\circ$ Fig. 4
, $r<r_{\min}$ , $r\text{ }\mathrm{l}\sim<r$ A $l_{\min}$.
(31) , r=rmi $dr/d\xi=1$ $dz/\text{ }$ =0
$dr/d\xi=O$ (\epsilon ) , (18)
, Runge-Kutta $?=0,$ $A=1.4$
Figure $5(\mathrm{a})$ , Eq. (31)
, (31) A\leq A $r=\mathrm{r}_{\max}$





$r$ (18) , $\xi$
, A\leq A
4.2 Configuration of aplane vortex pair for $A\simeq 1$
Fig. 6(a) (41) $\Omega=1$ (18)
$\mathrm{A}=1.01,1$ J 1.4 ,
$z=0$ [ $dr/d\xi=0$ , $dz/\text{ }$ =l, $r_{\mathrm{i}\mathrm{n}\mathrm{i}}=1.01$ $\mathrm{A}$ $\backslash$
rini $\approx=0$ $r$ ( ) Fig. $6(\mathrm{b})$
(41) $A=1.01$ , $A$
4.3 Intervortex separation at boundary
i\approx $=0$ , $r$ $z$
$z=0$ $r$ $r\xi$ ( )
(18) $z=0$ $r\xi=1$ $z\xi=0$
, $r=r_{\mathrm{i}\mathrm{n}\mathrm{i}}$ (18) , rini<rc in
$A$ , rcmin $\leq r_{\mathrm{i}\mathrm{n}\mathrm{i}}$
. , rcmin $z=0$
A\leq A $r_{\min}<$ rcml
, $A_{c}<A$ rcmin $\leq r\mathrm{m}\mathrm{i}\mathrm{n}$ Fig. 7 $A$
r rcmin 2 $A=1.374$ ,
231
$A_{e}=1.371$ 2
$\mathit{2}=0$ $r=r_{\mathrm{i}\mathrm{n}\mathrm{i}}$ $r_{\xi}=0,$ $\wedge\sim\xi=1$
(19) , $r_{\mathrm{C}\min}=1/\sqrt{\Omega}=1$
Figure 8(a), (b) , ,$.\mathrm{i}\mathrm{n}\mathrm{i}=0.999$ $r_{\iota \mathrm{n}\mathrm{i}}=1.01$
$r_{\mathrm{i}\mathrm{n}\mathrm{i}}=1$
$r_{\mathrm{i}\mathrm{n}\mathrm{i}}$ $r=1$ $(|.\mathrm{i}\mathrm{n}\mathrm{i}>1)$ 2 ,
$(r_{\mathrm{i}\mathrm{n}\mathrm{i}}<1)$ $z$
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FIG. 1 Definition of geometrical FIG. 2 $\mathrm{L}\mathrm{e}\mathrm{R}$ : Plane curve of vortex filaments
parameters $s\mathrm{o}$ and $\phi$ for $A=1.4$ . Right: Rough sketch of the effect of
$\mathrm{s}\mathrm{e}\mathrm{l}\mathrm{f}\cdot \mathrm{i}\mathrm{n}\mathrm{d}\mathrm{u}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$. The circle with dot indicates the
direcfion of $\mathrm{s}\mathrm{e}\mathrm{l}\mathrm{f}\cdot \mathrm{i}\mathrm{n}\mathrm{d}\mathrm{u}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ out of the paper. The





t $1s_{\mathrm{E}}$ $\ovalbox{\tt\small REJECT}$
$\mathrm{A}$ $\mathrm{u}$ $1\mathrm{J}$ $1S$
$A$
FIG. 3 Dependences of (a) $\Gamma\max$ and (b) FIG. 4 $2\mathrm{D}$ configurations of a vortex
pair plotted for $A=1.371,1.4$ and 1.5.
Tmin on the parameter $A$.
233
1
$\ovalbox{\tt\small REJECT}_{\mathrm{r}1}^{4rl}|\sim\backslash |\prime \mathrm{u}$
$r$ $r$
Fig. 5 Comparison of vortex configurations
obtained by solving Eq. (26) numerically
(broken lines) and by numerical integration
of Eq. (39) (solid curves) for (a) $A=1.4$ and
(b) $A=1.37$ .
$A$
Fig. 7 Dependences of $\Gamma\min$ and $P$ Cmin
on the parameter $A$. The solid curve
indicates the values of $I \min$ for $4.\mathrm{T}\mathrm{h}\mathrm{e}$





Fig. 6 (a) Coplanar vortex filaments
described by Eq. (49). (b) Comparison of
the analytical solution (solid curve) and
numerical ones (broken curves) for the
conditions $A=1.01$ , 1.1 and 1.4 with
$\Gamma_{-}\mathrm{m}\mathrm{i}\mathrm{n}\mathrm{i}=1.01$ . The numerical curve with
$A=1.01$ overlaps with the analytical curve.
$\mathrm{N}$
$r$ $r$
Fig.8 $2\mathrm{D}$ configurations of a vortex pair
plotted for the conditions (a) $\Gamma \mathrm{i}\mathrm{n}\mathrm{i}\triangleleft.999$
and (b) I $\mathrm{i}\mathrm{n}\mathrm{i}=1.01$ at $A=1.4$ and $x^{z}0$.The
broken line8 indicate rectilinear
filament\S for Iin$\mathrm{i}=1$ .
